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A new extended DLA based algorithm for parameter learning in 
Bayesian Networks 

MohammadReza Mollakhalili Meybodi, MohammadReza Meybodi 

Abstract 
In this article, a new DLA called as  the extended distributed learning automata for learning joint distribution 
of set of random variables is going to be introduced. This network  of automata  will be used  in the random 
environments which  their response  are not separated from each other to a series of taken steps by 
automata  and also a kind of conditional  independences exists between these responses there. We showed 
that this automata is able to learn  an estimation of  conditional distribution of steps. In the following , a 
framework, based on new DLA , is offered for solving the problem of online learning  of a bayesian network 
parameters  in a state that network structure is completely clear. This framework  is in accordance with data 
and evidences  and performs the updating process of parameters. By the mathematical surveys and practical 
tests on the sample networks, we showed that this new model is enabling to perform the parametrical 
learning of a Bayesian network with estimation accuracy equal to Bayesian estimation. In addition to the 
online learning characteristic, this structure is in accordiance with the conditions in which the data are in 
complete and due to the use of linear learning relations and based on the learning automata, has a little 
computational overhead. Discriminative characteristic of this method is one of its characteristics.   

Keywords 
Distributed Learning Automat, Maximum Likelihood Estimation, Bayesian parameter learning. 

                                                 
1  ���� ���
�� ���� ������� ��� �!��" ���#$� ��%����&��$� '�(�(�� � ) �* �&��$��m.meybodi@srbiau.ac.ir 
2 �&��$� ����"���� �+,#- ������� �'�*
.� ��Ĥ#0 � �� �!��" ���#$� ��%����mmeybodi@aut.ac.ir 



1- ���(�  

 12 � � � 34�5� �� �%6 ��7 ���� �� �� �8�9 1%�: ���;��6 1<�5�

 � ���6� 12 � 1" =�� �8�9 ��7 1%�: �9 >���� ��7 �� �  � 19

 ?6 �9 >���� @89 �8�9 ��7 1%�: =	�� .=�� ���" B C,� � 	

 ��D�� � 1#��� � EFG+� ?6 >� � �+�� 3%: 19 H�	 1#���

 ��: 1+	�� I�� 1%#6� �9 ��
* .=�� ���J�K � �9 &��� ��#6��0

L��#� ���8<� �EFG+� ?6 >� �  EG�� �� � &� ���9 I�� M6��

�$2 �6�6 K =�* 19 �#��  .=5�� �+56� ��7 I�� �� ���N+�� ��,O�� &

 >6��: �9 �6 K ' - 19 1" �6�7 I�� .=5�� �#5K � � &��#P 8��

) .=�� 12 � & ��" � �#7� R0� � � 	 � 2 � ��S+�1(  

 19 1+0�; ' - �8�9 1%�: ���;��6 1#��� � 1" �6�7�" �+��9

 U � M6� � .��� 1+	���K  �� 1+�� ���;��6 ���9 ����,� ����;��6

 M6�+$9 19 1" =�� �8�9 1%�: ?6 =	�� B�7 � ��� � 2� 1� ��

 .��� ��O >	�9 ���;��6 ���6� =�� � ��� .�#" I�� � �7 ���� � ��

 (EO�� V��+�� �) ��,0 I�� &��� R��C� B�7 ����;��6 U � M6� �

��;��6 U � M6� .=�� 1� �� ��7 ���� �� �� 1* �W� �9 � 2 � ���9 �

 >��� � '����S� ���9 �6 � 1�<�� I�� M�6�K =O� 3�<� 19 1" ��� �

 ��,0 I�� 19 &���G9 � �$9  ��6�2 ��7 1� �� � �7� : X6���K �

.��� ��9�" =�� ����� � 

  ���;��6 .Y�+57 ��9� 1<�5� �� �9 ��<�Z �8�9 ��7 1%�: =	�� �

���;��6 � (B��; =	��) �8�9 1%�: �+	��  �8�9 1%�: ��7�+���K

 ���;��6 .B��; ��7 ��; �9 �[�#+� (�.�: I��+�� I���2)

 ���* �6��(� \�F+�� �+G� 3�<� 19 �8�9 1%�: ?6 ��7�+���K

 ��" I��+�� �8�9 ) $N� 19 3� � �9 �7�+���K 19 L��#� �#��G�

 Y+6 �<� �� ��G9 ���+���K ���;��6 1%#6� �9 ��
* .=�� ���J�K

�6�7  �8�9 1%�: ��+	�� ���;��6 1<�5� 19 1" �7� �� 3�%�� �

������K �� (2)  

 &��9 19 .=5�� ���9 � � ��+	�� ���;��6 1<�5� �1<�(� M6� �

 M�,� �+	�� �9 M68�9 1%�: ?6 Y�#" �� ]�0 �I���0S  �6��(� 1"

 ���9 >� � &� ��7�+���Kθ  .=�� � 2 � ���: ���� ���* 3%: 19

� B�7  ���� 1* �W� �� ���N+�D  �9 �8�9 1%�: ?6 =	�� ���9

 �+	�� &��7S  ��7�+���K ���9 �θ��� .=��  

  )�� XG9 � =�� ��: �7������� L���� M6� 19 1<�(� M6� 1����

 � � ���6 ����� �� �	�9 ��8�9 ��7 1%�: �F+G� ���9 M��

" Y�7� 	 ���9 � 1<�(� ��7 XG9 �6�� � ���N+�� 1%#6� M�� .��

 � =�� 1+0�; ' - 1#��� M6� � 1" �$9��� ��7�" �� �	�9

 �) � XG9 � .��" Y�7� 	 M:� � �$�� 86��� � 2� � ���" ���9

 &� ?6 ^� ���9 19 � ���" �0�,� � ���$#��K �6�2 \ P�P

 ���$#��K \ P�P ���* ���9 19 )�$P XG9 .=	���K Y�7� 	

� 1+0�6 H�F+	�=� 

2 - :�H��� �*���  

2-1- :�%�� ��# �$�   

 >6��: =�� IV�+�� � X6��� ���9 ����" ��89� �8�9 ��7 1%�:

����0 X6��� �8�9 1%�: ?6 .�#+57 =�,CO )�*  _6� � �� ��

1* �W� �� �9 )� � I��+��  I�� M6� .=�� �0��F� ��7��S+� �� ��

 I
(+�� >9�� ��N�" ' - 19 1" =�� B��; ?6 3��: &���

�� ���	` � 	 � � �7��S+�  �6�7�+���K 3��: �M6� �9 ��
* .�#"

 ?6 �B��; >� � ��: 14�� �+	�� ����7 19 ���" ' - 19 1" =��

 .�#6��� �� ��W6� ��0 19 �F�#� _6� �(2)  

R�����8�9 1%�: ?6 :=(G,Θ) B  )� � I��+�� _6� � ?6 ����6���

 �0��F� ��7��S+� 1* �W� �� �9X = {X�, X
, X�, … . . , X�} 

=$2 B��; I�� b82 .� : �� b82 �� 3��: � =��  �� &��9 ��G 

 &� �+	�� � =�� �0��F� ��7��S+� �9 �[�#+� &� ��7 ��; 1" =��

�� ���	` � 	 � � B "�� I
(+�� >9��  &� )�� XG9 .�#"

 ��7�+���K �� �� 1* �W�Θ  �.�: I��+�� _6� � 1" =�� P(Xi|pa(Xi��  �0��F� ��S+� �7 ���9 �X�  M+:�� c�: 19

 &� ��7�<��pa(X�� �� M��,� .�6���  

:��6 ��# ���� �� �#�
����" ������� :�< � I�� ?61 1%�: �#��� �

 ���� ��7�+���K � �7�+	�� ?�" 19 1" =�� �<�� ��8�9 ��7

 M6�9 .�#" EG�� � ��: ��7��� ��7 ���� ��< � � �� ��� +9� 	

 1" Y�+57 &� I���� 19 ����� �� �� �8�9 1%�: ���;��6 )��#7 �=�*

 �,O�� I��+�� _6� � ��� +9 �8�9 1%�:P∗ &� 1���� 19 �7 ���� 1" � 

.����9 ��0 � ���� ��: ��< �  

 � ��2 19 .Y�+57 12� � 8�� �� ����� 3%�� ?6 �9 �� 3�* �

 M+:�� ��+	�P∗  �� ��: ��< � 1� �� �������� ���,� &� 19��� �6 �

�:� �� ��7 ���� �� ������ ���,� � &� D = {d�, d
, ………… . , d�}  
 _6� � �� Y7 �� 3(+5� ' - 19 1"P∗	 ��: ��< � ��+	� � � ���

Y6�� R6�. �� 1" ������ '�*
.� M+:�� ��+	� � �9 .D  �� 19

 I�� ��%: 19 Y�7� 	 �� �=�� ����B = (G, Θ�  1" � �� 19 �

 ���9 L6�(� M6�+$9P∗ .Y6� ���9 �:�9 

:��>�� ���,* A��� '�,@� S;�  

 ���;��6 ��7 1#��� �� ���59 � 1#���9 �6��� =�� M��G� d�

 L��#� I�� 1" ��� � 2� ��6� M6� &� MC9 � .� : �� ���N+��

 ��7 ���� ���9 ����#� ������9 1" =�� �<��D  )�V M6��9�#9 .�:�9

 � �:�9 ��: ��7��� ��7 ���� �< � �I�� ?6 1%#6� I��+�� =��

Y�#" 1�����  

R����:  1� �� �7 ���9d	 ∈ D  I��+��P(d|M�  �6��� =��M 
 ]�0 �9d  � � 2 � ��7 1� �� 1%#6� ]�0 �9 .� : �� ������D 

 �6��� =�� ��#+57 3(+5�M  ]�0 �9D  �9 =�� �9��9  L(M|D� = ∏ P(d|M�#	∈$   )1(      



 1C9� ��+6��< )�0 �� �'������ � =< $� � �;��� ���91  ���N+��

 � &� � ��:log − likelihood		  �#��� ��  LL(M|D� = ∏ log
 P(d|M�#	∈$     )2(  

 �Y�:�9 �7 ���� e�- � ���9 e�+G� I�� M6�#P \�G+�� 19 ��O �;�

 � �<�� �#" �� 1�- � 1#���9 �6��� =�� & ��O ' - M6� �

 1" Y�#" \�G+��LL(M|D�  ���� 1* �W� �� �D   .�#" 1#���9

 M6� � Y6�� � �.�: ��7 _6� � M��G� �FO �;� ��6� '��* 19

 M%�� ��7 I�� ' -M,  �� ��� ���� �D� f�N�� �+	�� ��

 �+���K �; M��G� ?6 �+56�9 ' - M6� � .�#+57 '��N+� �7�+���K

θ �#,6 .�#" 1#���9 � �6��� =�� 1" Y�#" \�G+�� �� 1� ; 19 �  

θ- = arg,�/0L(M,|D� = 	 arg,�/0LL(M,|D�	 )3(    

 ���� �� 1���� �θ-  ���9 �6��� =�� 1#��9 M��G� X6��� ���9

 �+���Kθ .Y�#" �� ���N+��  

Y�#" ]�0 �;�	D  3��:n 1� �� �7 � 1� �� d� 	 ∈ D  1� �� ?6

 �9 �9��9 � 3��"(x�,�, … . . , x�,2�	  ' - M6� � �:�9  

LL(M|D� = ∑ P(��4� d�� = ∑ ∑ P(x�,5	|pa(x�,5��254���4�   )4(   

 M��G� 19 V�9 1<�5� ��+	�� &� 9 ��: 1+	�#: 19 12 � �9p�56 

 ��S+� 19 c 9�� I��+�� i�9�6 �� X7�"i  �k  c�: 19 X+<�� M���

 �<�� M+:��j 19 c 9�� M��G� ' - M6� � .p�56 �9 =�� �9��9  

p8 �5649:;<9:;  )5(        

1C9� �  n�56  &� � 1" �:� �� ��7 1� �� ���,� �� =�� '��*

k =<�� M���x�  �9j  � �7��� k X6�7�<�� =<�� M���n�5  U �W�

n�56  �6��(� )��� ���� 19 �7k =�� �8�9 ��7 1%�: � L���� M6� 19 .

 R6�. �� � �6��(� =�� �0�" �6��� =�� M��G� 1#���9 ���9

 .Y�#" 1����� d��:(1) (2)  

'�%�� '�,@� S;� : 

 1� �� �� ���N+�� �9 � ���" ���N+�� M���K _6� � ?6 �� d� M6� � �7

 =0��7 M6� .Y�#" �� ������ 19 � I��+�� _6� � ��%� '��9�W� �

 �+���K �7 &� � 1" ��� &��� �8�9 1%�: ?6 ?�" 19 &� � �� �

.� : �� ���� &��� ��; ?6 R6�. �� M��G� ���9  d� �9 R9�C�

 �;� ��8�9H  � �:�9 1���0 �6 ��8; ?6E  ������ 1" �� ��8;

 .=�� 1� �� ?6 ' - 19 8�9 1C9� 1C9�6 :� 9 �7� 	  

P(H|E� = @(A|B�
@(A� ∗ P(H�    )6(     

1C9� � 6 P(H|E� M�5K ��9 12� (posterior)  19 ��9 12� �6H  

 ��7��� �� mKE   .=��
@(A|B�
@(A�  =�� .�#��� �� �6��� =�� �

 �n� �6���E  19 ��9 &�8�� �H  .�7� �� X6��� �P(H�  ��9 12�

 19H  ��7��� �� 3�OE  .=��  

 �7� : �� ���N+�� �9 1C9� M6� �� �%� ���N+��E �� o*�9  1" � :

 &�8��P(H� .���; ������ 19  

 ��#" ]�0 I��θ  � � �+56�9 1" �:�9 �7��S+� �� �� 1* �W�

 � ����; ��O p�+#+��E = {e�, …… , e�}  1* �W� ?6i. i. d  ��

 _6� � Y�#" �� ]�0 .�:�9 '��7���e�  ' - 19P(e|θ�  .�:�9

1�<�� _6� �	θ ��(�P(θ|α�  1" �:�9α .=�� �7�+���K�9� �� ����9  

P(θ|E, α� = @(A|,,D�
@(A|D� 	P(θ|α� = @(A|,,D�

E @(A|,,D�@(,|D�#,F
  )7(  

1C9� � 7  P(E|θ, α� = ∏ P(e66 |θ�  .=��  

 �� �%�� �$�  ��
����" �������:V8�* ��# ���� �,6  

 EO�� ��7 ���� �9 1" ��� � � �8�9 1%�: ?6 ��7�+���K M��G�

 � � � � M6� ���9 ��<�Z 1" ��+6 �<� .=�� �� ���J�K �Y�+57 ��9�

 Y+6 �<� ����; �� ��O ���N+��EM .=�� (2) 

 �+	�� ��#" ]�0B  ��7��S+� 1* �W� ��U = {X�, …… . . , X�} 

 �#�� .�:�9 ]��N�θ�56  I��+�� �9 �[�#+� ��7�+���K ��#7� &���

 �.�:P(X� = k|Pa(X�� = j} �:�9  ��S+� ���9 �.�: I��+��)X� 

 � 1"K  &� 9 ]��N� c�: �9 ��� ��O � 	 =<�� M���j  M���

 �<�� ��7 ��; ���9 ��#9�%�KX�  �� ��r;���� M6� �� ���N+�� �9  (

 M��G� Y��� �θ- �56 +�� �+���K ���9 � 1#���9 �6��� =�� �9 �#

θ�56  ���� s��� �9D = {d�, …… . . , d�}  �� 3%�+�m  �9 � 1� ��

 Y�#" 1����� �6� Y+6 �<� �� ���N+��(1�  
Algorithm EM 

• Choose an ϵ > 0 (stopping criterion) 
• Let 

θM = Nθijk	O			1 ≤ i ≤ n	, 1 ≤ k
≤ |sp(xi�| − 1				, 1 ≤ j
≤ |spRpa(xi�S|			initial	estimate 

• Set t=0 
• Repeat 

• E-Step: for each 1 ≤ i ≤ n  calculate the 
table of expected counts 
 

E,UVNRXX, Pa(X��SYDZ = 

[P(
#∈$

X�, Pa(X��|d, θ\� 
 
• M-Step: use the expected counts as if 

they were actual counts to calculate a 
new maximum likelihood estimator for 
all θ�56 
 

o θ- �56 =Eθt]N(Xi,Pa(Xi�=j�|D^
∑ Eθt]N(Xi=h,Pa(Xi�=j�|D^|sp(Xi�|h=1

 

 
o Set  θ\_� = θ- 

 
• Until  Ylog
 P(D| θ\_�S −	 log
 P(D| θ\�| ≤ ε 



 �6��(� 19 1�<�� �7���(� �Y+6 �<� M6� ��" ��6� �6��(� �9) ) �,���

 19 &��� �� �.�: 'V��+�� I��2 ������ 19 � (&�5%6 �<��+��

=�� H�	 c�: ?6.  

2-2- ��  ����� ������ �������� ; ������ ��������  

��������  1" =�� �*�8+�� I�� ?6 ��;��691  .  ?6 �0��F�3�*  ��

 �7�#+� 1* �W�I��*�  � � 	\�G+�� �� I��*� >��� �9 � ���"  .�#"

>��� 3�* \�G+�� ��:  >� �������� � ��;��6 � �9�6�� � ���"

 �9�6�� 1W�+�>� � � � 	 ?6  19 �+6 (� I�#����������� ��;��6 

�� U
.� �7� . m!����������;��6 �  �9 U
.��� 3�* \�G+��  � ��:

�+6 (� I�#����  � � 	 ��	�� =�,����" ���9� � 3�*  ��,9� 	 � 

�� \�G+�� �#".  ��;��6 ��������19 �� 1+��  ��;��6 �������� �+	�� �9

 � =9�n ��;��6 ���������9 Y�5(� ��S+� �+	��  �� ����;.   

�������� ��S+� �+	�� �9 ��;��6 >� � �6���$P},,,{ Tpβα &��� 

�� ���� � : 1"  �&�},,,{ 21 rαααα L=�1* �W I��*� 

���������;��6 ��},,,{ 21 rββββ L=1* �W�  ��$6���

���������;��6 � �},,,{ 21 rpppp L= ���9  \�G+�� I��+���7  ?6

 �� 3�* �7 � T�)](),(),([)1( npnnTnp βα=+ Y+6 �<� 

 ���;��6 ��;��6 ���������� �:�9. Y+6 �<� ��7 ���;��6  ���9 �* #+�

 14�� ��;��6 ����������: Y+6 �<� ?6 1���� � 1" =��   ���;��6

�C	  �������� ���9��;��6 &��9 �� ���; ��#" ]�0 .���������;��6 � 

�  1����n)t� )��O�  � 	  �\�G+�� �� �� ��� �>  � � 	 �9�6��

>� � �+6 (� I�#���)(nβ 19 ������� ���;��6  .�#" )
*� ���N+�� �9

��;��6 �������� ��C	 ���;��6 Y+6 �<� ��  \�G+�� I��+�� ���9

)��O�  1C9� R9�C� � � 	 ��78 Y�D#� �� .�#" 

ab(c + 1� = ab(c� + e. R1 − f(c�S. R1 − ab(c�S −g. f(c�. ab(c�                                                       )8(  

ah(c + 1� = ah(c� + e. R1 − f(c�S. ah(c� + g. f(c�i − 1− g. f(c�. ah(c�							jk	l ≠ j 
1" a �+���K  � d���Kb �+���K �� 1�6�2 �:�9 .�;� a � b �9  �9��9 Y7

 Y+6 �<� ��#:�9PRL −
�  �;�b �� a ���	  Y+6 �<� ��:�9 �+%P "

PRL ε �  �;�b �N-  Y+6 �<� ��:�9IRL − )�� ��.�  

_6� � ��;��6 ��������  1%�: ��:  1" =�� ��;��6 �������� �#P �� ��

�� ��%�7 ��6�%6 �9 EG�� 1<�5� ?6 3� ���9  .�##"(3) ?6

_6� � ��;��6 ��������  �� � ��: B��; ?6 �9 &� � =$2  .��" I�� ��

1* �W� 1" �� - 19  ��; 1* �W� � &� ��7  � ��;��6 ��7������� �� ��

 ��;��6 �������� �9 �[�#+� I��*� 1* �W� ��; �7 �2��	 ��7 I�6

 \�G+�� � � 	 I��*� �� �%6 ������� 1" ����#7 .=�� ��; &� �9 �[�#+�

�� �#+� I�6 ��$+�� ��6� � 1" �6������� ��#"���� ��O 3�* &� �9 �[  

�� I�,0 .� :  � � ��: _6� � ��;��6 �������� �� ���N+�� � � I��

 � 1<�(� M6� � ���N+�� ]10[ .=�� ��: �0�,� 

2-3 -  �1�� �� ��;��:��  )�-*� ��#��6  

 ���9 ��: 14�� ��7 Y+6 �<� � �8�9 1%�: ��7�+���K ���;��6 o�9

 H F	 M6� � 1" �6�7�" &��� � .=�� �� 	�9 �6V�9 U #� �� &�

 ��7�" =�� 1+0�; ' -(4)  �(5) * �W� �9 ��+��9 =$9��� �" 1

.��� 1<�(� M6� � ��: )�W��  

 �(4)  ���9 �9 �8�9 1%�: ?6 ��7�+���K ���;��6 1<�5� ��#56 �

 ]�0 �;� �I���0 &��9 19 .=�� ���� ��O ���9 � � � �6�2 �7� :

 Y�#"nb  �6��(� 1* �W� 1" �:�9 �8�9 1%�: � ��; ?6

{n�, n
, … . . , nop}  M6� �9 ��
* .�#" �� ��+	� �qeb  1* �W�

 ��; M6�<��nb  �6��(� 1" �7� &��� �Nqeb�, qeb
, ………… . , qebrpO 

 �.�: 'V��+�� I��2 � 3	�� ?6 ' - M6� � .�#" �� `�G�� �

 �6CPT   19 c 9��nb  �9sbht = q(nb = nbu|qeb = qebh�  &���

 1* �W� �9 1%�: ?6 =�� ��: ]�0 M6� �9 ��
* .� : �� ����

 ��,0 ��7�+���Ks̅  �6)  �6�2 ��7 ���� �� 1* �W� ?6 � �� 9 � 2 �

 (���O ��: ���N+��w = {x�, ……… . , xy}  �:�9 � 2 �

 �+���K �6�2 ��(� ��#56 �θ  s��� �9 ������ 19 �#6��0 �. � �

� �� 2 � ��7 ���� �+���K s��� �9 �7 ���� �6��� =�� ��(� �� �,9�

 p��G+�� � �6� ��" 1C9� � ���" ]�0 I�� �� &��� 1�-�0 � �6�2

=�� ���"  s- = eiz{e|}]~(s�^ = eiz{e|}V���(s� − �Rs,s�SZ  
 =�� ���" �0�,� I���� M�9 1�-�0 ���9 �6�7��,� 1���� � ��#56 �

 1" � d� M6� ���(��  d� �9 =�� ������EM  � ���� I �,�

 d� �9 �� 1,� � d� M6� 1" =�� ���� &���EM  � .=��(4) 

 e�+G� �6��(� 1" =�� ��: ���� &����  ��7 =*�� 19 �W#�

 �+���K .� : �� �6��%�7 e�+G��  19 �%�� &�8�� ��##" I�+#"

 19 &� ��(� �(P�7 � =�� 1+:r;1  �� I�� ��6rK�n� �:�9 �+%6�8�

 19 ��(� M6� �(P �7 ] * � .�: �7� 	 �+��9 ���� ��7 ����

 �� 1�-�0 ���O ��7�+���K �� �� 1+57� �7�+���K ��:�9 �+%6�8� �N-

.����;  

 �(5)  � ��: 14�� 8�<��� ��#56 �(4)  ]�0 �9 � ���" �� ���� �

 19 ���9 ��� ���� >9�� 19 �Y�:�9 1+:��� � 2 ��� ���� 1%#6�

 �7�+���K ���O �6��(� � ���� ���� s��� �9 �7�+���K ������

��(� X7�" �6 X6�80� � �: 19 & ��O M6� .=�� ���� 3�* �7�+���K �6

 ' - 19 ���� =�� 19 1" �C9�� .�#" �� >9��9 =��  

sbht� = �� + (1 − ��sbht���(1 − ��sbht���sbht���
					qRqebhYx�S = 1	, qRnbuYx�S = 1	qRqebhYx�S = 1	, qRnbuYx�S = 0��ℎ�i�j��     

)9(  

 &��7 �6 X7�" �6 X6�80� &�8�� M��,� ���9�  H� 	 �	�9 �� �

�+���K �6��(� _6� �θ  ���� =*�� Y+6 �<� �6����7 � ��: ���N+��

.=�� ��:  

iα



 1%�: ?6 ��+���K ���;��6 ���9 ��;��6 �������� ?6 �� ���N+�� ��6�

 � �9 M�+5G� M68�9(6)  1%�: ?6 ��7�+���K ���;��6 ���9 �

 Y+6 �<� � .=�� 1+0�; ��O ���N+�� � � ���� ��##" ��#9 1+��

 1(�. s
" �9 �[�#+� ��; �9 �[�#+� ��;��6 �������� ?6 ���: 14��

 ��7 ���� s��� �9 � �7�+���K ������ 19 ��#6��0 ���##" ��#9

�7��� )�W�� ����  

3 - �B>�" 	
������:��  

 _6� � ?6 ���; �7 �M68�9 1%�: � ��: ���� z�� � 1" 1� ����7

 �������� �� ���N+��  D#� 19 �L���� M6� 19 .�#" �� I�� � �.�:

 _6� � ���;��6 ���9 ��: _6� � ��;��6 �������� � ��;��6CPD 

 � 1" ��� L���� �� 1� ; 19 � ���;��6 �+56�9 ���; �7 �9 �[�#+�

 19 =6�$� ��8; ��" )�W�� � �� ���9 ���9 .� : �W#� �D��� _6� �

�6���9 �D�� � �6� ��7  

 R���� 1 �+���K �9 �< ��9 _6� � :θ  =�� 1+55; �<��+�� _6� � ?6

:� : �� e6�,� �6� 3%: 19 1"  
q(x|s� = s�(1 − s����						x = {0,1}	ec�	s ∈ ]0,1^    

 e6�,� M6� �9 R9�C�x  ��(� ����1   I��+�� �9θ  ��(� �0   �9

 I��+��1 − θ .=��  

���%�1 : )��O� �� �9 �0��F� ��;��6 �������� ?6 ��#" ]�0e�  �e
 

19 �0��F� >��� � 	��9 .�#" �� �" �0��F� >��� ?6 �  )��O�

 �+���K �9 �< ��9 _6� � ?6 �� ������� M6� ��7θ  �;�) .�#" �� =�,��

 )��O�e�  I��+�� �9 �:�9 ��: \�G+��θ  Y+6 �<� (���; �� d���K

 Y+6 �<� ��;��6 �������� >� � ���N+�� � �����  &� � � =��

α = f  �� : )�W�� �0�" ���,� 19 X6���� 1%�� - � .

a� = p(e�� = s  � a
 = p(e
� = 1 − s   

 :7��Y� )��O� ���9e�  .=�� M��7 19��� ���� ���9 .Y�#" �� '��n�

 =9�n ��(� ���;��6 �+���K Y�#" �� ]�0 �#��a  �#��� �) �:�9

(�#" ��� ���S� &��� I . � =�� ��: 14�� Y+6 �<� � 1" 1J��  
 Y+6 �<� ��;��6 �������� >� �  ���N+�� � � Y+6 �<�R-P  �9�#9 =��

:M6�  

a�\_� = (1 − e�a�� + e��_�     )10(   

 1C9� �10  

��_� = �1																�j�ℎ	ai�gegj�j�x		s0					�j�ℎ	ai�gegj�j�x	(1 − s�  )11(  

〈��_�〉 �+���K �9 �< ��9 �0��F� �#6��0 ?6	s   M6� �9 ��
* .=��

:Y6��  

�]a�\_�^ = 

(1 − e��]a��^ + e�]��_�^ = (1 − e��]a��^ + es    )12(  

�+�;��9 1C9� �� 12 :Y6��  

�]a�\_�^ = (1 − e���]a�M^ + (1 − (1 − a���. s			   
 1%#6� 19 12 � �90 < e < 1  1" �7��� &��� V�9 1C9�

lim�→�	 �]a�\^ = s 1J�� �#���7 � ���;��6 �+���K ��(� �;�)  1"

 � � ����S� 8�� Y6���9 �D� � �6 K ���(� =�� �D��� Y+6 �<�

:Y6�� � � : ��� 3-�� >9�� M6�  

�]a�\_�^ = ∏ (1 − et��t4� �]a�M^ + R1 − ∏ (1 − et��t4� S. s  

(=�� I F� 39�O 1W�+� M��7 ���W� �  

3 -1- :�
!�� ����� ��  ����� ������ �������� 

� ��: _6� � ��;��6 �������� 3�O XG9 �  �� 1%�: iY6��" �0�,�

�� �" 19 1<�5� ?6 3� ���9 ���6�%6 ��%�7 �9 1" �7���������  .���

1G5� �XG9 M6� �  �� 1,� � 19 ) � � ��: _6� � ��;��6 �������� ��

�� �0�,� � 1+0�6  p��G+�� 19 ��O ��: _6� � �������� M6� .Y�#"

M68�9 1%�: ?6 �9 �[�#+� �.�: I��+�� I���2 .=�� 

R����2 1+0�6 1,� � ��: _6� � ��;��6 �������� ?6 :e-DLA  1� �9

 �6��e-DLA=(V,E,S) :&� � 1" � : �� e6�,� 

e<�-G=(V,E) ) �� �O�0 ��+$2 B��; ?6dag&� � � =�� ( 

  � = 	 {��j|j = 1, 2…	|�|} 
  s��� �9 �7������� m6��� .=�� ��;��6 ��7������� �� �� 1* �W�

 B��; ��7 ��; �%6| < K � L����G .=�� ��: L��� EI�6 1* �W�

=�� ��+$2 ��7 

\- �	 = 	 {�b|j = 1, 2…	|�|}  ��b  )�W�� 39�O ��7 )��O� ���,�

�������� >� � ��b  ' - 19 � ��(� M6� .=���(��b� = �b  8��

������� �7 �#�� .Y�7��� &�����b 	���,� 19g  1" ��� )��O� ���;g 

 �<�� ��7 ��; �9 �[�#+� ��7������� ��7 )��O� ���,� \�}�-�� �9 �9��9

�b   B��; �G :=(�(� � .=�� 
z = z(j� = ∏ Sj										∀		l		�ℎj¡ℎ						�l ∈ qei�c�(�j�h   

3 -2 -  ���� 	
������ ������� ���� ���B>�"

::��6 ��# ���� A��? �� �%�� �$�  �� ��#�
����"  

 �9 � �6��; 14�� ��: _6� � ��;��6 �������� �� 1" �� $N� 19 12 � �9

��8; 19 12 �1 � ��;��6 ��7������� �� �� 1%�: �+	�� ?6 &� +�� �

 19 ��O 1" ��� 14�� ��: _6� � ��;��6 �������� ?6 L<�O _6� � M��G�

 �7  .�:�9 �8�9 ��7 1%�: � ���N+�� ���9 �0��F� ��7��S+� )� �

:�#" �� 3�* �6� 3%: 19 �Y+5�� M6� � ��;��6 �������� 

1-  �7� G� I�,0 �#:��� I�,0 &� ��7�<�� 1��" 1%����� �� ������� ?6

 �7� )�W�� � ����O� =�� ��O �:�9 I�,0 ������� ?6 1%����� .� 9

 &� �.�#" I��*� >��� 19 � 
2-  >� � )��O� L���� ��#:�9 I�,0 ������� M6�#P &��� ?6 � �;�

 B��; � �$�� �[�#+� ��7 ��; �%6| < K � L���� 19 �$��G .=�� 
3-  d�<�� ��7������� >� � ��: )�W�� )��O� U � s��� �9 ������� ?6

 ���; &� � m!� .�#" �� I�,0 � )��O� ��7 ���; �� �%6

 �� I��*� >��� 19 � &� � ���" \�G+�� B��F� 19 � ����O�

 �+6 (� I�#��� ?6 ��: )�W�� )��O� U � s��� �9 >��� .�#"

������� � �#" �� ��< � �� 	��9  ���9 �I�#��� M6� s��� �9



 �� ���� �� 19 � ���; &� � � 	 ��7 )��O� \�G+�� I��+��

.�#" 
4-  �6 ��2� ?6Run  1+0�6 1,� � ��: _6� � ��;��6 �������� ���9

L��� 1* �W� ?6 �� =�� '��*A  )��O� �� i�7������� ����� ��7

�	 = (e�, e
, … , e¢� ��2� ?6 ���6� '��* 19 . I�,0 �9 =�� �9��9

 )�W�� )��O� I��*� � �%6| < K � L���� 19 �7������� 1��" &�:

.>��� �� �+6 (� I�#��� =0�6� � >��� 19 ��: 
 

  
 

 ���%�2 :  �9 1+0�6 1,� � ��: _6� � ��;��6 �������� ?6 ��#" ]�0

 �������� �����   ���
   &� � 1" .�#:�9 ]��N�

ae�i�c��(��
� = ���  �ae�i�c��(���� = ∅ >��� .

 �������� )��O� 19 �0��F�1  �+���K �9 �< ��9 �6���� _6� � s��� �9

θ�  �������� )��O� 19 �2  �+���K �9 �< ��9 �6���� _6� � s��� �9θ
 

 ' - M6� � .�7� �� d���Ka� = p(e�� = θ�  �

p�� = pRe�,�S = θ�θ
  
7��Y� 1%#6� � � � :p(e�� = θ�  )��O� \�G+�� 1%#6� 19 12 � �9

 >� ����  ��8; �9 19��� �=�� �7������� �6�� )��O� �� 3(+5�1  39�O

 � � � ��� .=�� ���9��
  ������� >� � )��O� ���; \�G+�� & P

)��O� 19 ���  ���9 .Y�7��� )�W�� ���W� � 1����� ���� ��+59

 � �6� 'V��+�� I��2 �" �;���:�6���9 �D� �  

e
,
 e
,� e�,
 e�,� )��O�  

(1 − θ
�∗ (1 − θ�� 
(1 − θ
�	θ� θ
(1 − θ�� θ
θ� 

P(r)  

θ
(1 − θ�� θ
θ� (1 − θ
�∗ (1 − θ�� 
(1 − θ
�	θ� 

P(p) 

 �;�∆¥,¥¦  )��O� I��+�� X6�80� &�8��a(e�,��  ���2� � �t  &��� )�

��7�∆�,�\  >��� �� 1" =�� �� 	��9 � �7 ������� ��$���O� �� �,9��

�9 =�� �9��9 &� ��(� ���6 ���� � �#" �� =0�6�  

�V∆�,�\ Z = θ
θ�Re� − e\a�,�\ S + R1 − θ
S ∗ 	θ� ∗R−e\a�,�\ S +	R1 − θ
S ∗ 	θ� ∗ R−e\a�,�\ S + θ
θ�Re� −
e\a�,�\ S = 2e�θ
θ� − 2e�θ�a�,�\      )13(  

 �6��(� 1<���� ���9 �6� �+�;��9 1C9� �L���� M6� 19a�,�\  =�� 19

:�6� ��  

a�,�\_� = 2e�θ
θ� + (1 − 2e�θ��a�,�\    )14(  

1C9� 14 1" �7��� &���  

a�,�\_� − θ
θ� = R1 − 2e�θ�S(a�,�\ − θ
θ��    )15(  

 �r<  

lim\→� p��\ = θ
θ�      )16(  

 1" �W����θ� = P(LA� = 1�  �θ
 = P(LA
 = 1|	LA� = 1�  �

 ' - M6�θ
θ� = P(LA
 = 1, LA� = 1�  �;� L���� M6�9 .

 1+0�6 1,� � ��: _6� � �������� ��7 )��O� 19 �.�: ' - 19 >���

 _6� � ���;��6 19 ��O ��: 14�� �+	�� � Y+6 �<� ��7� ~��K

� ���9 ����� � )� � I��+�� M��7 19 .� 9 �7� 	 �8�9 1%�: =	�

�� d� :1" ��� &��� &� �  

lim�→	� ¨p��\ p�
\p
�\ p

\ © =ª θ
θ� θ
 ∗ (1 − θ��(1 − θ
� ∗ 	θ� (1 − θ
� ∗ (1 − θ��«          )17(   ∎   

3 -3 - ::��6�* ��# ���� 4���  �� 	
������ ��$G,+  

 �+56�9 �8�9 ��7 1%�: ��+���K ���;��6 � 1" �C6��: �� �%6

 36V� 19 1" �6�7 ���� .=�� 3��"�� ��7 ���� � 2� �=:�� �D���

 � &� 9 �#,� �9 �&� 9 �86 � �6 � EO�� ��D� e�+G�…  ���;��6 �

 �+0 =�� ��O ��: 14�� �6�2 Y+6 �<� .�#+5�� ���N+�� 39�O

 Y+6 �<�EM (� � �9 �9��9 �+O� �D� M6� �� � �#" ���EM  � �� .���

 �� ���N+�� ���;��6 ���9 1" �� 1� �� �7 � .=�� ���� ��59 �"

 >� � ��: \�G+�� �0��F� ���� �=:��� � 2� �� ���� 1J��#P �� :

 ��(� M6� � � : �� \�G+�� M68�6�2 ���� &� #* 19 ��;��6 ��������

2 d� �� � � 1� �� � .� : �� � 2 ��� ��(� M68�6�  

 Algorithm LR-P-Based Update Bayesian Parameters 
1: Parameters Real α, β ∈ (0, 1), G= (V, E), S 
2: for 	 ← 	¥	¯°	|±| do 
3:      for ²	 ← 	¥	¯°	³(� do 

4:																			ab,h 	← 	 �́p 
5:      end for 
6: end for 
7: loop 
8:      for 	 ← 	¥	¯°	|±| do 
9: compute g according to parents (i) actions  
10:  Draw randomly an action 	in group g according 
to probabilities  a�,µ, . . . , au,µ 
11:   Receive either reward or penalty 
12:  if    reward       then 
13:     for ²	 ← 	¥	¯°	¶ do 
14:   if ²	 ≠ 	 then 
15:    p5,·	 ←	(1	 − 	α�p5,·																
16:   else 
17:   ab,µ 	← 	 ab,µ + 	¸R1	 − 	ab,µS				
18:   end if 
19:    end for 
20:             ̧=update (̧� 
21:  else 
22:     for ²	 ← 	¥	¯°	¶ do 
23:   if ²	 ≠ 	 then 

24:             p5,·	 ←	 ¹6��+ (1	 − 	β�p5,·							
25:   else 
26:   ab,µ 	← 	 (1	 − 	β�ab,µ					
27:   end if 
28    end for 
29:            f=update (f� 
30:      end for 
31:  end loop 
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Train_type normal  
Repeat_no 1  
Random_Select yes 

a 0.2 

Update(a) a(t+1)=0.99*a(t) 
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